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Abstract: We use the matrix model | gauge theory correspondence of Dijkgraaf and
Vafa in order to construct the geometry encoding the exact gaugino condensate superpo-
tential for the N = 1 U(N) gauge theory with adjoint and symmetric or anti-symmetric
matter, broken by a tree level superpotential to a product subgroup involving U(Ni)
and SO(Ni) or Sp(
Ni
2
) factors. The relevant geometry is encoded by a non-hyperelliptic
Riemann surface, which we extract from the exact loop equations. We also show that
O(1/N) corrections can be extracted from a logarithmic deformation of this surface.
The loop equations contain explicitly subleading terms of order 1/N , which encode




Holomorphic terms in the eective action of supersymmetric gauge theories give much
desired exact information about their non-perturbative dynamics. Based on geometric
engineering through string compactications, Dijkgraaf and Vafa [?, ?, ?] conjectured
that the exact holomorphic superpotential of certain eective N = 1 gauge theories1 is
calculated by the planar diagrams of a matrix model. In the simplest case, an N = 2






to an N = 1 theory with gauge group G = ∏ri=1 U(Ni). Here φ is an adjoint chiral
supereld, and one assumes that all zeros of W are simple and that
∑r
i=1 Ni = N .
An eective theory emerges by integrating out the massive chiral elds. Its eective




α i where i indicates the factors of the unbroken gauge group. The claim
is that the eective action as a function of these elds is calculated exactly by the
leading terms in the 1/N expansion of a matrix model whose matrix potential is given
by W .
Technically the eld theory results for the case mentioned above are not new. They
were obtained by geometric engineering in [?] and partly by factorization of the N = 2
Seiberg-Witten curve [?, ?]. This allows for explicit checks [?] and leads to a particular
interpretation of the matrix model. The relevance of matrix model structures, such as
the planar loop equations, can also be understood more conceptually using supergraph
techniques [?] or anomalies [?, ?]. Further developments can be found in [?, ?, ?, ?].
In this paper, we shall add matter in the symmetric or antisymmetric representa-
tion of the U(N) gauge group and consider an additional term Tr QφQ in the tree-level
superpotential 2. This leads to a richer vacuum structure, which has branches where
additional SO(Ni) and Sp(Ni/2) gauge factors appear. The conjecture of [?] then gives
us a rough recipe for how to obtain a dual matrix model. However, supersymmetric
vacua are described by a symplectic quotient, which is equivalent with a holomorphic
quotient of the space of F -flat congurations through the action of the complexied
gauge group. Thus the gauge-theory analysis of the vacuum structure leads to solutions
in the space of complex matrices modulo complexied gauge transformations. On the
other hand, Hermitian matrix models have hermiticity constraints on their matrix vari-
ables. To make the matrix model useful for the gauge theory analysis, an appropriate
constraint should be imposed in a way which allows one to recover the correct vacuum
1Some of these results carry over to N = 0 orbifolds [?] of N = 1 gauge theories.
2Symmetric and antisymmetric representations are interesting because they are building blocks
of chiral supersymmetric gauge theories. In particular many models with dynamical supersymmetry
breaking are based on antisymmetric representations, see e.g. [?, ?, ?].
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structure of the gauge theory. As an example, consider the one-matrix model associated
with the U(N) gauge theory broken by a cubic superpotential W (φ). Then the eld
theory has two classical vacua at W 0(φ) = 0, which, for a Hermitian matrix φ, would
correspond to a local maximum and a local minimum for its eigenvalues. Perturbation
theory around the local maximum would make no sense in the Hermitian model. In
this case, the relevant information was extracted in [?] and [?], where it was shown
that it matches the gauge theory instanton expansion relevant for both vacua. Using
the BRST formalism, the residual gauge symmetry U(N)/(U(N1) U(N2)) acting on
the vacuum leads to an expansion scheme in terms of a two-matrix model interacting
through the ghosts [?]. To avoid convergence problems, one must reinterpret the ex-
pansion around the extrema in terms of a Hermitian N1 N1 matrix interacting with
an anti-Hermitian N2  N2 matrix [?]. The resulting perturbative expansion then re-
covers the leading F -term gravitational corrections to the gauge theory, which in the
matrix model arise at order O(1/N2) [?, ?]. A more systematic analysis of such issues
requires a holomorphic construction of the relevant matrix model [?]. Namely it leads
to a so-called ‘holomorphic matrix model’, whose relevance was already pointed out in
[?]. As shown in [?], the procedure employed in [?] is indeed perfectly justied in the
holomorphic matrix model. In the present paper, we shall encounter similar problems
even before choosing a vacuum. Accordingly, we must carefully choose a ‘real section’
through the space of complex matrixes in order to make all integrals converge. More-
over, we shall need a complex regularization of the matrix model in order to avoid
introducing spurious constraints on its lling fractions. This is very similar to what
happens in the case of holomorphic A2 models [?], where use of a complex regularization
is crucial in order to avoid similar problems.
In section two we introduce the gauge theory model and analyze its classical vacuum
structure. Using threshold matching, we also derive the leading logarithmic terms in
the eective superpotential.
In section three we dene the corresponding matrix model, whose action can be
taken to be the superpotential of the gauge theory. As mentioned above, it will be
crucial to choose a suitable replacement for the hermiticity constraint. Contrary to the
one-matrix model, we cannot impose hermiticity of the matrix M which corresponds
to the adjoint chiral multiplet φ. Indeed, this requirement would prevent the matrix
model from probing the complete vacuum structure of the dual gauge theory. As
explained in [?], this is not a particular property of our model, but can be traced back
to similar issues encountered in ADE matrix models. Using a holomorphic denition
and a ‘complex’ regularization of our model, we shall extract two exact loop equations
(Ward identities) which are cubic and quadratic in the resolvent. A new feature of
these relations is that they contain explicitly terms of order O(1/N) and O(1/N2).
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Taking the large N limit of these constraints allows us to extract a non-hyperelliptic
Riemann surface which governs the planar solutions of the model, as well as the eective
superpotential of the dual eld theory. The dual string geometry is expected to be
given by an orientifold of the non-compact Calabi-Yau background dual to the A2
quiver theory 3. We therefore also give the explicit derivation of the full loop equations
for the matrix model based on the A2 quiver, and relate it to the Z2 orbifold and
orientifolds thereof. However, there are subtleties in the orientifolding, in the large N
transition and in the precise denition of the B-model cycles. We therefore prefer to
use matrix model techniques in order to extract the Riemann surface, which should
already encode all relevant information about the holomorphic terms in the N = 1
eective action. This surface is a triple cover of the complex plane, which cannot
generally be written as a hyperelliptic curve. Since we have little guidance from a
string geometry, we must intrinsically understand this surface, which in the geometric
engineering approach would be obtained by integrating out two directions of a dual
Calabi-Yau geometry [?]. In particular, one must take into account issues of non-
compactness and relations between periods, which are important for a proper count of
this curve’s parameters.
Similar to the case of SO(N) and Sp(N
2
) groups [?, ?, ?, ?, ?, ?, ?, ?, ?], the
’t Hooft expansion leads to unoriented ribbon graphs and the large N expansion of
the matrix model is spaced by N and not N2. Thus the explicit 1/N terms entering
our loop equations have eld-theoretic relevance. To properly analyze such eects, one
must implement the lling fraction constraints Ni =const of [?] in the nite N model,
which will be done in Section 4 by introducing chemical potentials and performing
a Legendre transform to extract a microcanonical generating function. This gives a
direct derivation of a set of special geometry relations, and provides their nite N
generalization. It also naturally leads to a nite N version of Whitham-type constraints.
In Section ve we show how O(1/N) contributions can be computed from a mod-
ied Riemann surface, which is obtained by performing a logarithmic deformation of
the matrix model. We show that the O(1/N) term of the microcanonical generating
function can be computed by dierentiating the leading (N = 1) contribution with
respect to the coupling constant of such a logarithmic deformation.
In Section 6, we check agreement between the matrix model and the eld theory.
For this, we use the matrix model to compute the leading (Veneziano-Yankielowicz)
contribution to the eective superpotential for dierent branches of the moduli space.
This is done by performing BRST gauge-xing in the manner of [?, ?] and integrating
3Factorization of the N = 2 curve cannot give hints, since it leads to a completely different branch
of the moduli space.
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out the quadratic terms in the action. The comparison to the O(N) model and the
A2-quiver is summarized in the Appendix.
2. A first view of field theory properties
In this section we study U(N) N = 1 supersymmetric gauge theory with matter in
the symmetric or in the antisymmetric representation. The starting point is an N = 2
U(N) gauge theory with matter in the symmetric or antisymmetric representation
(QT , QT ) = s(Q, Q). We choose a tree-level superpotential
W = tr (W (φ) + QφQ) , (2.1)
which softly breaks the N = 2 supersymmetry to N = 1. In many of our considerations
below it helps to view the theory as coming from a Z2-orientifold of the A2 quiver
theory. Orientifolds of supersymmetric A2 quiver gauge theories have been constructed
before with the help of Hanany-Witten type brane congurations in Type IIA string
theory [?, ?]. These models were further analyzed in [?, ?, ?, ?]. Whereas an A2
quiver gauge theory contains two independent unitary gauge groups and matter that
transforms under the bifundamental representation, the orientifolded model identies
the two gauge groups. In addition the orientifold modies how the matter content
transforms. In the A2 model the chiral supereld Q transforms as U1QU
y
2 where U1
and U2 are the gauge transformation of the two independent gauge groups. In the
orientifolded model this changes to Q! UQUT . Therefore Q transforms in a two-index
tensor representation of U(N) and the two possibilities of symmetric or antisymmetric
representation correspond to the two choices of orientifolds.
In the following we describe the vacuum and its phase structure of the emerging
N = 1 theory and calculate in various phases the Veneziano-Yankielowicz potential
from threshold matching.
2.1 The classical moduli space
We are going to classify the possible constant solutions of the classical eld equations.
Throughout the analysis we also assume that N = 1 Fayet-Iliopoulos terms are absent.
As is well known in this case the space of solutions of the eld equations can be obtained
by minimizing the superpotential W and dividing by the complexied gauge group. The
eld equations are
Q Q + W 0(φ) = 0 , (2.2)
φQ + QφT = 0 , (2.3)
Qφ + φT Q = 0 . (2.4)
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For quiver gauge theories similar eld equations arise and the classical moduli space
has been analyzed in [?]. We will adapt the methods there to the case at hand.
Note rst that from (2.3), (2.4) it follows that
φnQ = Q(−φT )n ,
Qφn = (−φT )n Q , (2.5)
We multiply (2.2) from the left with Q, from the right with Q and commute Q through
W 0 with the help of the previous relation. This gives QQ[ QQ + W (−φT )] = 0. Now
we transpose (2.2) and use it to eliminate QQ and we obtain −W 0(φT )[−W 0(φT ) +
W 0(−φT )] = 0. Finally we transpose this last equation and arrive at
[W 0(φ)−W 0(−φ)]W 0(φ) = 0 (2.6)
Equation (2.6) will be solved for φ being diagonal φ = diag(a1.1N1 ,    , an.1Nn) and∑n
i=1 Ni = N . The entries ai have to be the roots of one of the two equations
W 0(x)−W 0(−x) = 0 , (2.7)
W 0(x) = 0 . (2.8)
The vev of φ breaks the gauge group according to U(N) ! ∏ni=1 U(Ni). The eld Q
decomposes into Qij with Qij transforming as a bifundamental (Ni, Nj) under U(Ni)⊗
U(Nj) if i 6= j and as symmetric (antisymmetric) if i = j. An analogous statement
holds for Q. From (2.3) it follows that
(ai + aj)Qij = 0 (2.9)
and thus Qij = 0 unless ai = −aj and Ni = Nj . Such pairs of solutions are indeed
generated by the roots of (2.7). Another special root of (2.7) is x = 0. Let us study
now in more detail the dierent solutions.
2.1.1 Pair of solutions ai = −aj = b 6= 0 with W 0(b) = W 0(−b)






























From (2.2) it follows then that






The gauge transformations that leave these matrices invariant are given by (U1)
−1 = UT2
and therefore the residual gauge group is U(Ni) in this branch.
2.1.2 Solutions with ai = 0
This is the special solution of (2.7). The unbroken gauge group in this branch is U(Ni)
and it acts on Q as
Q! UQUT . (2.14)
Let us consider rst the case of symmetric Q. Since U is a general linear matrix we
can choose U such that Q becomes the Ni-dimensional unit matrix Q = 1. It follows
then that Q = −W 0(0)1. The gauge transformations that are left over have to fulll
U.UT = 1 and are therefore elements of SO(Ni).
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Q is determined by (2.6) and the unbroken gauge group is Sp(Ni/2).
2.1.3 Solutions with W 0(ai) = 0
In this case the equations of motion imply Q = Q = 0 and the unbroken gauge group
is U(Ni) in this branch.
2.2 The Veneziano-Yankielowicz potential
After having established the structure of the moduli space of vacua we derive now
the leading terms in the low energy eective superpotential. Let us take a generic
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